Spinning equations of bi-metric types theories of gravity, the counterpart of the Papapetrou spinning equations of motion have been derived as well as their corresponding spinning deviation equations. Due to introducing different types of bi-metric theories, the influence of different curvatures based upon different affine connections , have been examined. A specific Lagrangian function for each type theory has been proposed, in order to derive the set of spinning motions and their corresponding spinning deviation equations.
Introduction
Bi-metric theories of gravity are considered promising theories of gravity in strong fields. These equations were existed in different stages during the last century and the current one. In 1940 Rosen introduced such a challenging gravitational theory, wider than the orthodox general theory of relativity. The Theory is called the bi-meric theory of gravity core of the theory, based on considering any point in the manifold is identified by two reference frames, the first is a gravitational one described in a curved space; while the second is an inertial one, defined in a flat space [1] and [2] . Subsequenly, Rosen developed its corresponding geodesic equations [3] . Also, Israelit (1975) [4] solved these equations of motion for test particle, while Falikand Rosen (1981) extended this study to examine the motion of charged particles [5] .
Yet, the concept of imposing two metrics, has inspired Moffat [6] to present another version of bi-metric theory of gravity, based on regarding one combined metric produced of these two previous ones. His theory has is based on considering variable speed of light (VSL), as an alternative to dismiss dark energy as mentioned in different theories of gravity [7] .
Consequently, the concept of bi-metric theory has been extended to define a bi-metric paradigm of Modified Newtonian gravity MOND by Milgrom to find an alternative remedy to apparent constant speed of rotation curves in spiral galaxies instead of proposing dark matter particles [8] [9] [10] . Such a treatment is called Bimetric Modified dynamics BIMOND [11] Nevertheless, another wave of developing bi-metic theories of gravity was established in 2012 by Hassan and Rosen [12] to consider bigravity theory, in this case, there are two types of matter produced from two pararellel field equations one is the normal matter, and the other is called twin matter. Due to introducing this concept of bi-gravity, the theory has to regarded as a ghost free one [13] . Arkami et al (2014) have performed their corresponding path equations [14] .
Moreover, an alternative version of bi-metric theory of gravity has been performed by Verozub based geodesic mappings on to obtain a gravitational theory, invariant under gauge transormations [15] [16] , to examine the behavior very strong fields , based on combining the two bi-gravity metrics into one able to examine the stability of super-massive objects in strong gravitational fields such as the active galactic nuclei [17] .
The aim of our present work is to extend our study which was presented to derive the corresponding path and path deviation equations from the above mentioned set of bimetric theories of gravity Kahil(2017) [18] . Accordingly, it has been essential to find the analogous parts of Papapetrou equations [19] in bi-metric theory as if it was performed in Einstein-Cartan theories [20] and a specific class of Non-Riemannian geometry called absolute parallelism (AP)-geometry [21] .
From this perspective, we are going to derive the set of spinning objects with precession in the presence of strong gravitational field, for different versions of the above m type the above mentioned type theories. The reason for studying spinning equation is due to its actual existence rather than focusing hypothetical existence of a test particle of discarded its intrinsic properties. This makes our work more feasible to examine the behavior of particles in different versions of bi-metric theory of gravity. This study may be considered in order to set a scheme of examining the stability of these spinning objects in strong gravitational fields in our future work.
The paper is organized as follows, Section 1 Showing the transformation from geodesic into a spinning path for short, Section 2 deriving of the spinning and spinning deviations for Rosen's bi-metric theory , Section 3 obtaining the corresponding spinning and spinning deviation equations for Moffat's of version bi-metric theory having a variable speed of light, Section 4 presenting the proposed spinning and spinning deviation equations that maybe existed on dealing with BIMOND paradigm , Section 5 obtaining the associated versions of spinning and spinning deviation equations for separate and combined metrics in Bi-gravity models. Section 6 displaying the spinning and spinning deviation equations for the Verozub bi-metric theory of geodesic-invariant . Section 7, implementing a schematic overview on the impact of bi-metric effects on various sets of spinning and spinning deviation equations comparing with their counterparts in general relativity.
Transformation From Test Particles to Spinning Objects
Equations of motion for a spinning objects may be derived in twofold , one of them from geodesic equations as being a deviated path from geodesic satisfying the following relation [23] :
where
is the unit tangent vector associated to path τ and U α is a unit tangent vector of a geodesic defined with the parameter S., β is an arbitrary parameter and Ψ α is its corresponding deviation vector and D DS is the covariant derivative with respect to parameter S.
By taking the covariant derivative on both sides, and proposing the following relation
where S is the magnitude of a spin, and S αβ is the spin tensor. Taking into account, β = S m , m is mass of the spinning object , such that the geodesic equation, DU
and its corresponding geodesic deviation equation,
where, R α βρσ is the Riemann curvature tensor, and
Thus, equation (1) becomes, after simple calculations, Papapertrou equation for short [22] ,
from this perspective, it can be found that this type of formulation is feasible for deriving spinning objects with no precession with their intrinsic properties. However, the process of deriving a generalized method able to obtain the translational and rotational equations need to propose a rival method based applying the action principle on a specific Lagrangian as shown in the following subsection.
The Papapertrou Equation in General Relativity: Lagrangian Formalism
It is well known that equation of spinning objects in the presence of gravitational field have been studied extensively. This led us to suggest its corresponding Lagrangian formalism , using a modified Bazanski Lagrangian [24] , for a spinning and precessing object and their corresponding deviation equation in Riemanian geometry in the following way [22] 
where P µ is the momentum vector, and Ψ µν is the spin deviation tensor, in which,
Thus, applying the Euler-Lagrange equations
and
to obtain the set of spinning for the spinning object,
and,
Also, applying the following identity on both equations (9) and (10) , to obtain the set of equations may be derived their corresponding deviation equations, using the following identity [25] .
where A µ and A µν are both arbitrary vector and tensor respectively . Multiplying both sides with arbitrary vectors, U ρ Ψ ν as well as using the following condition .
and Ψ α is its deviation vector associated to the unit vector tangent U α . Also in a similar way:
one obtains the corresponding deviation equations [26]
3 Spin and Spin deviation equations of Bimetric Theories
In this approach we are going to obtain the set of spinning objects as an extension to their counterparts of general relativity and alternative theories of gravity in bi-metic type theories for a test particle.
Spinning Equation and Spin Deviation of Rosen's Approach
In this approach, we are corresponding spinning equations for short, that are obtained from the following Lagrangian:
where g µν is the metric tensor of the curved space and γ µν the corresponding metric tensor of the flat space where,
a specific covariant derivative defined as follows [27] :
where Γ µ νρ the affine connection of curved space andΓ µ νρ is the affine connection of the flat space. Using the Bazanski approach [23] to obtain its path equation by taking the variation with respect to Ψ α and Ψ αβ respectively.
and ∇S
Appling the law of commutation relations (11), (12), (13) and (14) we find their corresponding set of deviation equation to become
where ; is the covariant for curved space. and ∇Ψ
The above set of deviation equation behaves identically as their counterparts in general relativity. where ; is the covariant and absolute derivatives for curved space.
(ii) Case P = mU α In this approach, we are corresponding spinning equations whose momentum is P µ , that are obtained from the following Lagrangian:
where g µν is the metric tensor of the curved space and γ µν the corresponding metric tensor of the flat space
The analogous momentum described as by Papapetrou [16 ] .
Thus, we can apply the Bazanski approach to obtain its path equation by taking the variation with respect to Ψ α and Ψ αβ respectively [24]
where | is the associated covariant derivative flat space.
From the previous equation, we find a new effect of covariant derivative for flat spaces appears even if its associated curvature is zero. This gives the spinning deviation equations are quite different than their counterpart of general relativity [25] Appling the law of commutation relation as shown in equations (11), (12, (13) and (14), we find their corresponding set of deviation equation to become
Comparing (20) and (21) with and (25) and (26), we find out that the effect of different covariant derivatives appear effective, if the object is regarded its intrinsic properties on the spinning deviation equations.
Spin and Spin Deviation Equations of Moffat's Approach
Moffat [6] presented the framework of variable speed of light VSL satisfying bimetric theory and its causality to reveal the problem of dark energy due to VSL by introducing such a metric in the following way [28] .
While the inverse metrics g µν satisfies that
whereĝ µν defines a specific matter metric tensor of a given matter field, B , φ is a bi-scalar field , K is an arbitrary constant and T µν is a given energy-momentum tensor [29] .
The appropriate Lagrangian which can work for obtaining path and path deviations of the set of equations of motion are suggested as follows: Accordingly, we suggest its corresponding Lagrangian to obtain the sets of equations for spinning and spinning deviation.
For deriving the spinning equation is obtained by taking the variation with respect to Ψ α and Ψ αβ on (29) to becomeD
Similarly we can obtain their corresponding deviation equation, using the commutation relations as shown in the (11), (12), (13) and (14) to get
ii Case P = mu The appropriate Lagrangian which can work for obtaining path and path deviations of the set of equations of motion are suggested as follows:
Thus, taking the variation with respect to Ψ δ and Ψ δσ respectively to get
In this case, it can be found that the problem of obtaining the corresponding deviation equation using the commutation relations as shown in the (11), (12), (13) and (14)1 :
The above equations are similar to their counterparts of general relativity due to combining the two metric tensor into one metric.
Spin and Spin deviation Equations of BIMOND Type Theories
In this section, we present the equations for spinning objects in the presence of bi-metric modified Newtonian dynamics paradigm [9] . This type of theories is the bimetric version of Milgram's Modified Newtonian Dynamics, which gives a the relationship between the two affine connections defined by g µν and γ µν respectively to become:
such that g µν;ρ = g δν C δ µρ + g δµ C δ νρ , and
νρ . Thus, we suggest the following Lagrangian spinning path and spinning deviation equations for the following cases:
Taking the variation with respect Ψ α and Ψ αβ we obtain
andD
While their corresponding set of deviation equations may be derived using the commutation relations (11), (12) , (13) and (14) , to become
While the set of deviation equations may be derived using the commutation relations as expressed in (11), (12), (13) and (14) to becomē
Equations (49) and (50) have shown that the effect of two different covariant derivatives is regarded for an object regarding its intrinsic properties . Such a relationship makes, the bi-metric theory different the conventional general relativity.
Generalized Spin and Spin Deviation Equations of Bi-metric Theories
Hossenfelder [30] has introduced an alternative version of bi-metric theory, having two different metrics g and h of Lorentzian signature on a manifold M one is defined in tangential space TM and the other is in its co-tangential space T*M respectively. These can be regarded as two sorts of matter and twin matter, existing individually , each of them has its own field equations as defined within Riemannian geometry.
In this part we are gong to present a generalized form which can be present different types of path and path deviation which can be explained for any bimetric theory which has two different metrics and curvatures as defined by Riemannian geometry .
Such an approach may work to derive the spinning and spinning equations as well as their corresponding deviation equations for Hassan-Rosen bigravity theory. From this point of view, it is worth mentioning to suggest corresponding Lagrangian in the following way:
Accordingly, we suggest a Lagrangian able to describe two independent sets of a generalized spinning and spinning deviation equations, after applying a specific action principle, with taking into considerations new additive terms : twin matterm,the twin momentum P α , The twin unit tangent vector V α ,the twin deviation a vector Φ α , the twin spinning tensorS αβ and the spinning deviation tensor Φ αβ , provided that
Taking the variation with respect to Ψ α and Φ α to get
Also, taking the variation with respect to Ψ αβ and Φ αβ to get
and their corresponding Spin deviation equations are obtained using the commutation relations (11), (12, (13) and (14) to become:
as well as
ii. Case
and their corresponding Spin deviation equations are obtained using the commutation relations to become:
Spin and Spin Deviation Equations of Bi-gravity Type Theories
Recently, Arkami et al [14] have suggested the two metrics g µν and h µν are connected with each other by a specific quasi-metric free from ghost in the following manner , If one considers the two metrics can be related to each other, they can be combined in one metric as quasimetric one [30] such that:
where α g and α h are the coupling strengths, and their corresponding line element becomes
However, applying the action principle on the Lagrangian function (53) to obtain the corresponding spinning equations of bi-gravity theory is expressed for the case P m u = mU µ and P m u =mV µ in the following way:
to give the spinning analog whose geodesic-like has mentioned by Arkani et al (2014)
Yet, Extending the same technique of the Bazanski approach, we obtain its deviation equations to obtain:
Thus, applying the action principle on the Lagrangian function (62) to obtain the corresponding spinning equations of bi-gravity theory is expressed in the following way:
to give the same an extended results to what was mentioned by Arkani et al (2014) for spinning objects for short
Applying the same technique of the Bazanski approach, we obtain its deviation equations to obtain:
In a similar process, we can find the following equations for the case P µ = mU µ and P µ = mV µ Thus, we get the corresponding spinning equations for precessing objects as mentioned by Arkani et al (2014)
Applying the same technique of the Bazanski approach, we obtain its deviation equations to obtain: Thus, applying the action principle to obtain the corresponding spinning equations of bi-gravity theory is expressed in the following way:
(81) From the above set of equations (77) and (81), we find that these equations are different than their counterparts in Riemaiann equation, but if we used the metric as defined in (71 ), we obtain the following equations for spinning and spinning deviations for bi-gravity theory as similar to the Moffat version of bi-metric theory. Thus, the corresponding Lagrangian for P α = mU α may be expressed as
such that, the affine connection may be expressed in terms ofΓ Taking the variation respect to ψ µ to obtain the spinning equation for short in the following wayD U
Consequently, applying the commutation laws (9) and (10) on equation (83) to obtain its corresponding path deviation equation,
Moreover, the spinning and spinning deviation equations with precession become,
Accordingly, its corresponding deviation equation becomes:
The above equations of spinning objects in different types of bi-gravity metrics as two independent metrics and one combined one having a free-ghost particles, may give rise to visualize the effect of different curvatures affecting the proper mass and twin mass as well as representing their accompanied spin and twin spin tensors. The combined metric tensors of bigravity as expressed in Riemannian geometry may be expressed geometrically using Finsler geometry. Such a type of work will be assigned in our future work. 
Spinning and Spinning Deviation Equations of Bimetric Invariant-Gravitation Theory
where ψ(x) are arbitrary differentiable function, describing the same gravitational field, due to its geodesic equations,
which is invariant under transformation equation (..). Following this approach Verozub (1991) suggested the following tensor to represent invariance.
where Π α and o Π α are the Thomas symbol for Riemannian Space-time and Minkowski Space time respectively , And
such that
If one defines its associate Christoffel symbol
to define its curvature tensor to becomē
The spinning equations can be expressed by the following Lagrangian
where Taking the variation with respect toΨ α andΨ αβ to obtain
In a similar way, using the commutation relations as shown in (11), (12, (13) and (14) , we obtain their corresponding deviation equations 
Also, following the same technique as mentioned in (..) and (..) to obtain
From the above equations, we can figure out the in this part, the spinning and spinning deviation equations as similar look as similar as their counterpart of general relativity, this is due to embedding all properties of bi-metric effects in terms of a modified metric tensor G µν = g µν (ψ) , as a function of a field ψ rather than coordinates of space time.
Concluding remarks
Equations of motion of spinning objects in different types of bi-metric theories of gravity have revealed the effect of different curvatures associated with the moving particles have been discussed. These curvatures are not the mere Riemanian curvature, due to the involvement of different factors affecting its appearance. Accordingly, It has been shown that, in Rosen's theory that the Papapetrou equation, for short, is expressed with one single curvature, while the other curvature is neglected due to its flatness of the associated space time as shown in (18) which appears its r.h.s. similar to (9); even with a combined affine derivatives. Yet, the system of equations are quite different than their counterparts in general relativity . This difference is clarified on dealing with P µ = mU µ as shown by comparing equations (9) and (10) with their counterparts in (23) , (24) , (36),(37),(47),(48),(63),(64),(65),(66), (79), (81),(100) and (101) . We also, have found the effect of the other type of absolute covariant derivative, on the spinning deviating object, despite the vanishing of its curvatures as shown in equations (24) , (25) and (26) .
On displaying the set of spinning and spinning deviation equations of Moffat's version, as regarded to be a bi-metric theory of having instead of two separate metrics, one combined metric, with an amended affine connection, having its own curvature (31), (32) , (36) and (37) leading to similar appearance of the Papapetrou equations and their deviation ones as in equations (33), (34), (36) and (37). In Moffat's model, has led us to propose the system of equations of rotating objects of the same appearance like the Papapetrou equations for objects in general relativity.
Since, the problem of bi-metric theory is assigned to define strong fields of gravity, therefore, it is worth mentioning to examine the bi-metric analog of MOND due to its role to find solutions to problems that have no general relativity explanation i.e. the rotation curves of spiral galaxies. This may give rise to consider, the derivation of sinning equations of BIMOND, has given rise, to investigate to what extend different metrics, may affect on the behaviorism of spinning and spinning deviations equations as a result of finding a tensor connecting the two affine connections (40 ) has an impact on the two different types of curvature. From this perspective, it was necessary to obtain their possible set of of equation to spinning equations (42), (43) , (47) , and (48) and their deviation ones as in equations (44), (45), (49) and (50).
Nevertheless, the tendency of studying bi-metric theory has been developed by proposing two different sources of gravity, have emerged the need to study the behavior of particles subject to these two effects, based on regarding by-gravity as a massive theory of ghost-free [13] . On dealing with spinning equations, we have proposed, such a hypothetical definition of twin spin tensor, associated with twin matter. Yet one should take into consideration the proposed the has kept link between geodesic deviation vector and spin tensor unchanged as in (2) . Owing to this illustration, we have figured out that there are two independent sets of spinning equations and their deviations ones stemmed from one Lagrangian. Such an approach may give rise to search for an appropriate geometry able to express these two types of matter together.
However, there is an alternative way on dealing with bi-gravity theory, having a combined metric ,as similar to Moffat's treatment of VSL, to be geomtrized using Finsler geometry. This type of treatment has obtained the system of spinning equations to behave as similar as the conventional general relativity, but different from their composition, related to the combined metric . We can compare the similarity between the equations (9),(10), (15) and (16) , and their counterparts (86),(87),(88) and (89).
Finally, we have derived the set of spinning and spinning deviation equations for Verozub's version a bi-metric theory of gravity. In this type theories expressed the metric tensor is no longer a function of coordinates of space time g µν (x) ; but a function from a proposed by a field variable g µν (ψ), leading to its own affine connectionΓ γ αβ and associated curvatureR α βρσ . This can be found plainly on deriving their associate spinning equations and spinning deviation equations, different equations of spinning (95), (96), (100) and (101), as well as there a spinning deviation equations (97), (98), (102) and (103).
Thus, from the results obtained, it is essential to search for an a wider geometry than the Riemanian treatment to express all quantities of bigravity theory. Such a request can be found by appllyig Finsler geometry, which will determined in our future work 6 References 
